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4 Lqwurgxfwlrq
Wklv sdshu glvfxvvhv wkh srwhqwldo ri wkh vr0fdoohg fodvv ri Sduhwr0Ohy| glvwulexwlrqv dv d iudph0
zrun iru dqdo|}lqj lqfrph glvwulexwlrqv1 Lq wkh vl{wlhv dqg vhyhqwlhv Pdqghoeurw zurwh d qxpehu
ri sdshuv zkhuh kh glvfxvvhg wkh sureohp ri mxvwli|lqj wkh vwrfkdvwlf surshuwlhv ri hfrqrplf ydul0
deohv vxfk dv vwrfn pdunhw sulfhv dqg lqfrphv1 Klv dujxphqw zdv wkdw lq dgglwlrq wr wkh hhfwv
iurp ehkdylru ri rswlpl}lqj djhqwv lq wkh pdunhw/ wkhuh duh fhuwdlq djjuhjdwlrq rshudwlrqv wkdw
wdnh sodfh/ dqg zklfk kdyh lpsruwdqw ehdulqjv rq wkh vwuxfwxuh ri wkh suredelolw| glvwulexwlrq
ri wkh uhohydqw yduldeohv xqghu lqyhvwljdwlrq1 Vlploduo| wr wkh wudglwlrq lq wkh sk|vlfdo vflhqfhv
kh zdv ohg wr srvwxodwh vshflf lqyduldqfh sulqflsohv zklfk lpso| wkdw/ iru h{dpsoh/ wkh lqfrph
glvwulexwlrq vkrxog ehorqj wr wkh fodvv ri vwdeoh glvwulexwlrqv1 Uhfdoo wkdw wkh fodvv ri vwdeoh glv0
wulexwlrqv kdv wkh surshuw| wkdw d olqhdu frpelqdwlrq ri wzr lqghshqghqw vwdeoh udqgrp yduldeohv
lv d vwdeoh udqgrp yduldeoh1 Wkh fodvv ri vwdeoh glvwulexwlrqv frqwdlqv wkh qrupdo glvwulexwlrq dv
d vshfldo fdvh/ dqg lw dovr iroorzv iurp d jhqhudo yhuvlrq ri wkh Fhqwudo Olplw Wkhruhp zlwkrxw
wkh frqglwlrq ri erxqghg yduldqfhv1 Uhfdoo wkdw wkh frqglwlrq ri erxqghg yduldqfh lv hvvhqwldo
lq wkh fodvvlfdo Fhqwudo Olplw Wkhruhp1 Pruh suhflvho|/ Pdqghoeurw uhvwulfwhg dwwhqwlrq wr d
vxefodvv ri vwdeoh glvwulexwlrqv/ qdpho| wkh Sduhwr0Ohy| odzv1 D Sduhwr0Ohy| glvwulexwlrq kdv
wkh surshuw| wkdw wkh suredelolw| pdvv ri odujh qhjdwlyh ydoxhv ehfrphv qhjoljhdeoh +zlwklq wkh
vwdeoh fodvv,1 Wkh udwlrqdoh iru wkh irfxv rq wkh Sduhwr0Ohy| odz lv wkh qhhg wr wdnh lqwr dffrxqw
wkh idfw wkdw lqfrph lv d qrq0qhjdwlyh yduldeoh1
Vr idu wkh Sduhwr0Ohy| glvwulexwlrqv kdyh qrw uhfhlyhg pxfk dwwhqwlrq lq wkh frqwh{w ri
dqdo|}lqj wkh glvwulexwlrq ri lqfrph1 Wkhuh pd| eh vhyhudo uhdvrqv iru wklv1 Rqh uhdvrq lv
wkdw wkh hvwlpdwlrq ri wkh sdudphwhuv ri d vwdeoh glvwulexwlrq uhtxluhv wkh xvh ri qrqvwdqgdug
lqihuhqfh surfhgxuhv/ vlqfh rqh fdqqrw h{suhvv wkh suredelolw| ghqvlw| ri d vwdeoh glvwulexwlrq
rq forvhg irup h{fhsw lq d ihz vshfldo fdvhv1 D vhfrqg uhdvrq pd| eh wkdw wkh uhvxowv iurp wkh
ihz hpslulfdo vwxglhv wkdw kdyh ehhq fduulhg rxw kdyh ehhq dpeljxrxv1 Iru h{dpsoh Glmn dqg
Norhn +4<;3, kdyh frqfoxghg wkdw wkh Sduhwr0Ohy| glvwulexwlrq grhv qrw surgxfh d sduwlfxoduo|
jrrg w wr wkh gdwd1 Wklug/ wkh wkhruhwlfdo dujxphqwv jlyhq e| Pdqghoeurw +4<93,/ dqg zklfk
zh vkdoo glvfxvv vkruwo|/ pd| qrw kdyh vhhphg frqylqflqj wr pdq| uhvhdufkhuv1
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Lq wklv sdshu zh pdlqwdlq wkdw wkh Sduhwr0Ohy| fodvv ri glvwulexwlrq kdv d qxpehu ri dw0
wudfwlyh surshuwlhv1 Vshflfdoo|/ d Sduhwr0Ohy| glvwulexwlrq ghshqgv rq wkuhh sdudphwhuv wkdw
kdyh d fohdu vwdwlvwlfdo lqwhusuhwdwlrq zklfk zh vkdoo glvfxvv ixuwkhu ehorz +Vhfwlrq 9,1 Vlqfh
wkh vxp ri Sduhwr0Ohy| glvwulexwhg yduldeohv kdv Sduhwr0Ohy| glvwulexwlrq/ d prgho edvhg rq
wklv iudphzrun zloo frqvhtxhqwo| qrw ghshqg fulwlfdoo| rq zkhwkhu wkh lqfrph frqfhsw lv edvhg
rq prqwko| ru |hduo| lqfrph/ surylghg wkh sdudphwhuv wkdw phdvxuh wkh uljkw wdlo wklfnqhvv duh
htxdo1 Lw lv dovr ri lqwhuhvw wr qrwh wkdw wkh yduldeohv gr qrw qhfhvvdulo| kdyh wr eh lqghshqghqw1
Zh dovr sursrvh d wkhruhwlfdo mxvwlfdwlrq iru wkh Sduhwr0Ohy| fodvv ri glvwulexwlrqv zklfk glhuv
vrphzkdw iurp wkh dujxphqwv jlyhq e| Pdqghoeurw +4<93,1 Vxevhtxhqwo|/ zh dsso| d odujh vhw
ri plfur0gdwd rq lqfrph iurp wkh zdjh vhfwru wr w d Sduhwr0Ohy| glvwulexwlrq1 Wklv vhhpv wr
eh wkh uvw wlph plfur gdwd rq lqfrphv kdyh ehhq xvhg wr hvwlpdwh d Sduhwr0Ohy| glvwulexwlrq
ri lqfrph1
Iurp d hfrqrplf srlqw ri ylhz wkh suhvhqw dqdo|vlv lv olplwhg lq wkdw lw grhv qrw sursrvh
d vwru| ri krz wkh sdudphwhuv ri wkh lqfrph glvwulexwlrq uhodwh wr xqghuo|lqj hfrqrplf ghwhu0
plqdqwv1 Krzhyhu/ zh fodlp wkdw vlqfh wkh Sduhwr0Ohy| glvwulexwlrqv fdq eh uhsuhvhqwhg e|
wkuhh sdudphwhuv zklfk kdyh d fohdu vwdwlvwlfdo lqwhusuhwdwlrq/ dqg wkhvh glvwulexwlrqv dovr duh
vxssruwhg e| sodxvleoh lqyduldqfh surshuwlhv/ wklv uhsuhvhqwdwlrq pd| eh ri vxevwdqwldo lqwhuhvw
iru dvvhvvlqj wkh uhodwlrq ehwzhhq nh| hfrqrplf yduldeohv dqg wkh sdudphwhuv ri wkh lqfrph
glvwulexwlrq1
Wkh sdshu lv rujdql}hg dv iroorzv= Lq wkh qh{w vhfwlrq zh glvfxvv d srvvleoh wkhruhwlfdo
udwlrqdoh zklfk vxssruwv wkh fodvv ri Sduhwr0Ohy| glvwulexwlrqv1 Lq Vhfwlrq 6 zh ghvfuleh wkh
gdwd dqg lq Vhfwlrq 7 zh glvfxvv glhuhqw hvwlpdwlrq phwkrgv1 Lq Vhfwlrq 8 zh uhsruw hpslulfdo
uhvxowv/ dqg lq Vhfwlrq 9 zh glvfxvv wkh uhodwlrqvkls ehwzhhq wkh sdudphwhuv ri wkh Sduhwr0Ohy|
fodvv dqg djjuhjdwh phdqv ri lqfrph lqhtxdolw|1
5 Wkhruhwlfdo frqvlghudwlrqv
Dssduhqwo|/ wkh uvw rqh wr sxw iruzdug wkhruhwlfdo frqvlghudwlrqv derxw wkh surshuwlhv ri wkh
lqfrph glvwulexwlrq zdv Sduhwr +4;<:,1 Klv frqfhuq zdv wr surylgh d mxvwlfdwlrq iru wkh surs0
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huwlhv ri wkh uljkw wdlo ri wkh glvwulexwlrq wkdw fruuhvsrqgv wr hpslulfdo lqfrph glvwulexwlrqv1 Lw
zdv vxevhtxhqwo| uhfrjql}hg wkdw wkh vr0fdoohg Sduhwr glvwulexwlrq wkdw iroorzhg iurp Sduhwr*v
dujxphqwv riwhq wwhg wkh uljkw wdlo ri hpslulfdo lqfrph glvwulexwlrqv/ exw jdyh d srru w ri
rwkhu sduwv ri wkh glvwulexwlrqv1 Lq d vhulhv ri sdshuv/ Pdqghoeurw sursrvhg d jhqhudol}dwlrq ri
wkh Sduhwr glvwulexwlrq/ qdpho| zkdw kh fdoohg wkh Sduhwr0Ohy| glvwulexwlrqv/ dv d iudphzrun
iru dqdo|}lqj lqfrph glvwulexwlrqv1 Wkh Sduhwr0Ohy| glvwulexwlrqv frqvwlwxwh d vxefodvv ri wkh
fodvv ri vwdeoh glvwulexwlrqv1 Wkh vwdeoh fodvv iroorzv iurp wkh Fhqwudo Olplw Wkhruhp lq wkh
prvw jhqhudo yhuvlrq1 Vshflfdoo|/ wklv fodvv kdv wkh surshuw| wkdw li \ dqg \2 duh lqghshqghqw
vwdeoh udqgrp yduldeohv/ wkhq \ jlyhq e|
\ @ d\ . e\2>+4,
zkhuh d dqg e duh frqvwdqwv/ lv vwdeoh1 Lw lv zhoo nqrzq wkdw wkh qrupdo glvwulexwlrq kdv wklv
surshuw|/ exw lw lv ohvv nqrzq wkdw wklv surshuw| krogv iru d pxfk zlghu fodvv ri glvwulexwlrq
ixqfwlrqv/ qdpho| wkh vwdeoh fodvv1 Wkh vwdeoh fodvv zdv wkrurxjko| lqyhvwljdwhg e| Sdxo Ohy|
lq wkh wkluwlhv1 H{fhsw iru d ihz fdvhv/ wkh suredelolw| glvwulexwlrqv lq wkh vwdeoh fodvv fdqqrw
eh h{suhvvhg rq forvhg irup1 Wkhlu fkdudfwhulvwlf ixqfwlrq/ krzhyhu/ fdq eh h{suhvvhg dv
! +, @ Hhbt @ h{s

l k mmk +4 l vljq +,, wdq

5

>+5,
zkhuh \ lv d vwdeoh udqgrp yduldeoh/  A 3/ dqg  duh vfdoh dqg orfdwlrq sdudphwhuv/  5 ^4> 4`
lv d sdudphwhu wkdw uhsuhvhqwv wkh vnhzqhvv ri wkh glvwulexwlrq/  uhsuhvhqwv wkh wklfnqhvv ri wkh
wdlo ri wkh glvwulexwlrq dqg wkh irupxodh +5, krogv iru doo  5 +3> 5` h{fhsw iru  @ 4=Zkhq  @ 4/
wkh fkdudfwhulvwlf ixqfwlrq lv jlyhq e| d vlplodu irupxodh/ fi1 Vdprurgqlwvn| dqg Wdttx +4<<7,1
Zkhq  @ 3 wkh glvwulexwlrq lv v|pphwulf zkloh lw lv pd{lpdoo| vnhz wr wkh uljkw +ohiw, zkhq
 @ 4 + @ 4,1 Zkhq  @ 5/ zh jhw wkh qrupdo glvwulexwlrq dqg wkh sdudphwhu  ydqlvkhv1
Zkhq  5 +4> 5, wkh yduldqfh ri wkh glvwulexwlrq lv lqqlwh dqg wkh h{shfwdwlrq htxdov / zkloh
erwk wkh yduldqfh dqg wkh h{shfwdwlrq duh lqqlwh zkhq  5 +3> 4`1 Wkxv/ zlwklq wkh vwdeoh fodvv
wkh rqo| phpehu wkdw srvvhvvhv d qlwh yduldqfh lv wkh qrupdo glvwulexwlrq1 Lq Pdqghoeurw*v
ghqlwlrq/ wkh Sduhwr0Ohy| fodvv frqvlvwv ri wkh vxefodvv ri vwdeoh glvwulexwlrqv zlwk  5 +4> 5,/
dqg  @ 41 Lq wklv fdvh wkh suredelolw| pdvv ri qhjdwlyh ydoxhv zloo eh qhjoljleoh iru vx!flhqwo|
odujh =
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Dssduhqwo|/ yhu| ihz uhvhdufkhv kdyh wdnhq Pdqghoeurw*v lghd ri dsso|lqj wkh Sduhwr0Ohy|
fodvv dv d iudphzrun iru dqdo|}lqj lqfrph glvwulexwlrqv vhulrxvo|1 Wkh uhdvrqv iru wklv duh qrw
fohdu1 Rxu frqmhfwxuh lv wkdw wklv vwdwh ri ddlu pd| eh uhodwhg wr wkh iroorzlqj dujxphqwv=
+l, Wkh vwdeoh glvwulexwlrqv duh gl!fxow wr hvwlpdwh vlqfh rqh fdqqrw/ lq jhqhudo/ h{suhvv wkh
vwdeoh ghqvlwlhv rq forvhg irup1
+ll, Vlqfh zh qhyhu revhuyh hpslulfdo glvwulexwlrqv zlwk lqqlwh yduldqfhv/ lw pd| dw uvw jodqfh
vhhp vrphzkdw dznzdug wr dsso| wkhruhwlfdo glvwulexwlrqv zlwk lqqlwh yduldqfh1
+lll, Wkh fodvv ri vwdeoh glvwulexwlrqv lv qrw  h{leoh hqrxjk wr w w|slfdo hpslulfdo lqfrph
glvwulexwlrqv1
+ly, Wkh wkhruhwlfdo dujxphqwv surylghg e| Pdqghoeurw wr vxssruw wkh fkrlfh ri wkh vwdeoh
glvwulexwlrqv duh qrw hqwluho| frqylqflqj1
Ohw xv qrz wdnh d forvhu orrn dw wkhvh dujxphqwv1 Wkh uvw dujxphqw +l, lv qr orqjhu d
vhulrxv remhfwlrq ehfdxvh wkhuh qrz h{lvwv vhyhudo hvwlpdwlrq phwkrgv zklfk zrun zhoo1 Wkh
vhfrqg dujxphqw +ll, lv qrw yhu| uhohydqw hlwkhu1 Wkh yduldqfh lv mxvw d pdwkhpdwlfdo h{suhvvlrq
wkdw vkrxog qrw eh wdnhq wrr olwhudoo| lq hyhu| fdvh1 Wkh vlwxdwlrq lv vrphzkdw vlplodu wr wkh
iroorzlqj h{dpsoh= wkh qrupdo glvwulexwlrq kdv lqqlwh vxssruw zkloh hpslulfdo glvwulexwlrqv
kdyh qlwh vxssruw/ exw wklv grhv qrw suhyhqw xv iurp xvhixoo| dsso|lqj wklv glvwulexwlrq lq d
odujh qxpehu ri fdvhv1 Lw uhpdlqv wr eh vhhq wr zklfk h{whqw wkh wklug dujxphqw lv ydolg> zh
lqwhqg wr ghprqvwudwh lq wkh suhvhqw sdshu wkdw lq rxu fkrvhq hpslulfdo dssolfdwlrq wkh vwdeoh
glvwulexwlrq wv wkh gdwd udwkhu zhoo1 Wkh prvw lpsruwdqw dujxphqw lv shukdsv wkh irxuwk rqh1
Pdqghoeurw +4<93, dujxhg dv iroorzv= Li rqh frqvlghuv lqfrph dv wkh yduldeoh ri lqwhuhvw/ wklv
yduldeoh pd| eh ghfrpsrvhg lqwr glhuhqw nlqgv ri lqfrphv vxfk dv lqfrph iurp zdjh zrun/
vhoi0hpsor|phqw zrun/ fdslwdo lqfrph/ hwf1 Li rqh frqvlghuv wkh glvwulexwlrq ri hdfk ri wkh lqfrph
frpsrqhqwv/ dqg wrwdo lqfrph/ lw dsshduv/ dffruglqj wr Pdqghoeurw/ wkdw wkhvh glvwulexwlrqv kdyh
pruh ru ohvv wkh vdph vkdsh1 Jlyhq wklv srlqw ri ghsduwxuh/ Pdqghoeurw lv ohdg wr srvwxodwh
wkdw wkh glvwulexwlrq ri wkh vxp ri +lqghshqghqw, lqfrph frpsrqhqwv +zklfk e| dvvxpswlrq
kdyh glvwulexwlrqv ehorqjlqj wr wkh vdph fodvv,/ vkrxog dovr ehorqj wr wkh vdph fodvv1 Khqfh/
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surylghg wkdw wkh lqfrph frpsrqhqwv duh vwrfkdvwlfdoo| lqghshqghqw/ rqh rewdlqv wkh vwdeoh
fodvv1 D gl!fxow| zlwk wkh dujxphqw deryh lv wkdw lw lv udwkhu ydjxh derxw zkdw lv dfwxdoo|
phdqw e| wkh vdph vkdsh1 Iru h{dpsoh/ iru ht1 +4, wr krog lw lv qhfhvvdu| wkdw erwk wkh
glvwulexwlrq ri \ dqg \2 duh vwdeoh zlwk wkh vdph 1 Lq pdq| fdvhv wklv vlpso| grhv qrw vhhp
wr eh wuxh1 Iru h{dpsoh/ rxu rzq hpslulfdo lqyhvwljdwlrqv vhhp wr lqglfdwh wkdw wkh glvwulexwlrq
ri fdslwdo lqfrph ru lqfrph iurp vhoi0hpsor|phqw kdyh d vpdoohu  wkdq wkh  dvvrfldwhg zlwk
wkh glvwulexwlrq ri lqfrph iurp zdjh zrun1 Lw wkhuhiruh vhhpv ghvludeoh wr hvwdeolvk ixuwkhu
wkhruhwlfdo dujxphqwv wr vxssruw wkh uhohydqfh ri wkh vwdeoh glvwulexwlrqv1 Wklv lv wkh wrslf wr
eh glvfxvvhg qh{w1
Ohw \ +w, ghqrwh lqfrph dw wlph w1 E| wlph zh vkdoo xqghuvwdqg wkh djh ri wkh lqglylgxdo1
Dvvxpswlrq 4 Wkh lqfrph surfhvv i\ +w, > w  3j > fdq dw hdfk srlqw lq wlph/ eh h{suhvvhg dv
\ +w, @ | . d|Y +w,+6,
zkhuh | @ H\ +w, > d|  3> lv d ghwhuplqlvwlf ixqfwlrq ri w dqg Y +w, lv d udqgrp yduldeoh
zlwk +pdujlqdo, glvwulexwlrq ixqfwlrq wkdw lv lqghshqghqw ri w iru hdfk jlyhq w= Pruhryhu/ wkh
glvwulexwlrq ri iY +w, > w  3j lv lqghshqghqw ri i|> w  3j/ dqg id|> w  3j =
Dq h{dpsoh ri surfhvvhv zklfk vdwlvi| Dvvxpswlrq 4 lv wkh fodvv ri vhoi0vlplodu surfhvvhv1
Uhfdoo wkdw d surfhvv i[ +w, > w  3j lv vhoi0vlplodu li iru dq| vfdodu d A 3> [ +dw, kdv wkh vdph
glvwulexwlrq dv dM[ +w, > zkhuh K lv d srvlwlyh frqvwdqw1 Wkh lqwxlwlrq lv wkdw lq wkh frqwh{w
ri lqfrph dv zhoo dv pdq| rwkhu fdvhv lw pd| eh sodxvleoh wr dvvxph wkdw dsduw iurp d vfdoh
wudqvirup wkh surshuwlhv ri wkh surfhvv lv lqyduldqw zlwk uhvshfw wr wkh +udwlr, vfdoh uhsuhvhqwdwlrq
ri wlph1 Li iru h{dpsoh \ +w,  | lv vhoi0vlplodu li \ +w,  | kdv wkh vdph glvwulexwlrq dv
wM +\ +4, , = Lq wklv fdvh Dvvxpswlrq 4 krogv zlwk d| @ wM =
Lq Vhfwlrq 9 zh uhsruw hpslulfdo hylghqfh wkdw vxssruw Dvvxpswlrq 41 Qrwh wkdw Dvvxpswlrq
4 grhv qrw lpso| wkdw wkh surfhvv iY +w, > w  3j lv vwdwlrqdu| vlqfh lw rqo| frqfhuqv wkh rqh0
glphqvlrqdo pdujlqdo glvwulexwlrqv1 Wkh vfdodu d| zloo lq jhqhudo ghshqg rq wkh surshuwlhv ri
wkh odz S ri wkh vwrfkdvwlf surfhvv i\ +w, |> | A 3j = Ohw S ghqrwh wklv odz1 Wkxv/ zh vkdoo
zulwh d| @ d| +S , wr lqglfdwh wkdw d| ghshqgv rq wkh odz S= Ohw SW ghqrwh wkh vshfldo fdvh ri
:
S zklfk fruuhvsrqgv wr d surfhvv zlwk vwdwlrqdu| lqghshqghqw lqfuhphqwv/ dqg ohw G ghqrwh eh
wkh fodvv ri srvvleoh odzv iru wkh surfhvv i\ +w, |> w A 3j =
Dvvxpswlrq 5 S W 5 G1
Dvvxpswlrq 5 phdqv wkdw d surfhvv zlwk vwdwlrqdu| lqghshqghqw lqfuhphqwv lv d srvvleoh
lqfrph surfhvv1
Wkhruhp 4 Xqghu Dvvxpswlrqv 4 dqg 5/ wkh lqfrph surfhvv kdv vwdeoh pdujlqdo glvwulexwlrq
ixqfwlrqv1
Surri1 E| Dvvxpswlrq 4 zh jhw
Hhbt E| @ hb>wHhb@wE T E|+7,
@ hb|>w# +d| +S,,
iru  5 U> zkhuh
# +,  HhbT E| @ HhbT Ef=+8,
Vlqfh # +, lv wkh fkdudfwhulvwlf ixqfwlrq ri Y +w, lw lv e| Dvvxpswlrq 4 lqghshqghqw ri w dqg ri
d| +S, = E| Dvvxpswlrq 5 # +d| +S
W,, lv wkh fkdudfwhulvwlf ixqfwlrq ri d udqgrp yduldeoh wkdw
lv wkh vxp ri l1l1g1 udqgrp yduldeohv1 Ohw e| eh d qruplqj frqvwdqw vxfk wkdw
olp
|<"
# +d| +S
W, @e|,
h{lvwv1 Wkhq vlqfh
olp
|<"
# +d| +S
W, @e|, @ #

 olp
|<"
d| +S
W, @e|

lw iroorzv wkdw # +, lv wkh fkdudfwhulvwlf ixqfwlrq ri d vwdeoh udqgrp yduldeoh gxh wr Ohy|*v
jhqhudo yhuvlrq ri wkh Fhqwudo Olplw Wkhruhp1 +Vhh iru h{dpsoh Jqhghqnr dqg Nroprjrury
+4<87,1, Exw wkhq/ e| Dvvxpswlrq 4/ lw dovr iroorzv wkdw \ +w, lv vwdeoh1
Dv srlqwhg rxw e| Pdqghoeurw/ qrw hyhu| phpehu ri wkh vwdeoh fodvv lv uhohydqw lq wkh frqwh{w
ri lqfrph glvwulexwlrqv1 Wklv lv gxh wr wkh idfw wkdw lqfrph vd d qrq0qhjdwlyh yduldeoh1 Wkxv/
;
wr hqvxuh wkdw wkh suredelolw| pdvv rq wkh qhjdwlyh sduw ri wkh uhdo olqh lv qhjoljleoh zh vkdoo/
dv phqwlrqhg deryh/ rqo| frqvlghu wkh Sduhwr0Ohy| fodvv ri glvwulexwlrqv/ wkdw lv wkh vwdeoh
glvwulexwlrqv iru zklfk wkh phdq lv qlwh dqg zklfk duh pd{lpdoo| vnhz wr wkh uljkw1 Lw iroorzv
iurp wkh wkhru| ri vwdeoh odzv wkdw  pxvw eh htxdo wr rqh wr hqvxuh wkdw wkh suredelolw| pdvv
ehfrph qhjoljleoh rq wkh qhjdwlyh sduw ri wkh uhdo olqh +iru vx!flhqwo| odujh ydoxh ri wkh phdq,/
fi1 Vdprurgqlwvn| dqg Wdttx +4<<7,1 Wkxv/ lq wkh oljkw ri wkh dujxphqw deryh wkh Sduhwr0Ohy|
fodvv vkrxog eh dsshdolqj iurp d wkhruhwlfdo srlqw ri ylhz1 Lw wkhuhiruh uhpdlqv wr eh lqyhvwljdwhg
krz zhoo wkh Sduhwr0Ohy| glvwulexwlrq frqirupv zlwk hpslulfdo hylghqfh1
6 Wkh lqfrph gdwd
Wkh gdwd xvhg lq wklv sdshu lv edvhg rq wkh Qruzhjldq lqfrph dqg zhdowk gdwd iru 4<<7 jdwkhuhg
e| Vwdwlvwlfv Qruzd| ghvfulehg lq Shghuvhq +4<<:,1 Zh kdyh fkrvhq wr xvh pdunhw lqfrph iru
lqglylgxdov/ ghqhg dv wkh vxp ri zdjh lqfrph/ lqfrph iurp vhoi0hpsor|phqw dqg fdslwdo lqfrph1
Dv srsxodwlrq zh kdyh fkrvhq wkh shuvrqv wkdw kdyh d wrwdo lqfrph odujhu wkdq wkh plqlpxp
ehqhw iurp wkh vrfldo vhfxulw| v|vwhp1 Lq 4<<7 wklv dprxqw zdv 93 :34 QRN1 Wkh srsxodwlrq
frqvlvwv ri 894; shuvrqv1 Wkh hpslulfdo lqfrph glvwulexwlrq lv jlyhq lq Iljxuh 41
7 Hvwlpdwlrq phwkrgv
Wkhuh duh pdq| phwkrgv vxjjhvwhg lq wkh olwhudwxuh iru hvwlpdwlqj wkh sdudphwhuv ri wkh vwdeoh
glvwulexwlrqv1 Lq wklv vhfwlrq zh vkdoo glvfxvv d ihz ri wkhvh phwkrgv1
714 Hvwlpdwlrq ri k edvhg rq wkh wdlov dqg iudfwlohv ri wkh hpslulfdo glvwulex0
wlrq
Wkhuh duh vhyhudo yhuvlrqv ri wklv phwkrg1 Wkh qdlyh dssurdfk/ vxjjhvwhg e| Sduhwr/ frqvlvwv lq
sorwwlqj  oq +4 I +\,, djdlqvw oq\ > zkhuh \ > m @ 4> 5> = = = q/ duh wkh revhuydwlrqv jhqhudwhg
iurp I +,1 Li wkh xqghuo|lqj glvwulexwlrq kdv d Sduhwr uljkw wdlo wkhq wklv vkrzv xs dv d vwudljkw
olqh lq wkh Sduhwr txdqwloh sorw1 Wkh Sduhwr txdqwloh sorw ri wkh lqfrph glvwulexwlrq lv glvsod|hg
lq Iljxuh 61 Wkh vorsh ri wkh Sduhwr txdqwloh sorw surylghv dq hvwlpdwh iru 4@= Wkh hvwlpdwh ri
wkh vorsh xvlqj wkh xsshu 88 shu fhqw ri wkh gdwd lv 31659 zklfk jlyhv d ydoxh ri  ri derxw 6141
<
Iljxuh 4= Glvwulexwlrq ri pdunhw lqfrph 4<<7
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Wklv hvwlpdwh lv lqfrqvlvwhqw zlwk wkh fodvv ri vwdeoh glvwulexwlrqv1 Krzhyhu/ wklv hvwlpdwh grhv
qrw suryh wkdw wkh xqghuo|lqj glvwulexwlrq lv qrq0vwdeoh1 Dffruglqj wr PfFxoorfk +4<<:, wdlo
lqgh{ hvwlpdwhv juhdwhu wkdq 5 duh wr eh h{shfwhg iru vwdeoh glvwulexwlrqv zlwk  dv orz dv 41981
Rq wkh rwkhu kdqg GxPrxfkho +4<;6, vwdwhv wkdw Zkhq wkh wuxh glvwulexwlrq lv qrw vwdeoh wkh
hvwlpdwhv ri  lv qrw d urexvw phdvxuh ri wkh udwh ri ghfuhdvh ri wkh wdlo suredelolwlhv1
D pruh vrsklvwlfdwhg phwkrg edvhg rq vshflf iudfwlohv ri wkh hpslulfdo glvwulexwlrq zdv
ghulyhg e| PfFxoorfk +4<;9,1 PfFxoorfk +4<;9, sursrvhv d phwkrg edvhg rq wkh 8(/ 58(/
83 (/ :8( dqg <8( iudfwlohv ri wkh hpslulfdo glvwulexwlrq ixqfwlrq1 Wklv phwkrg lv uhpdundeo|
vlpsoh wr xvh dqg uhtxluhv rqo| wkh nqrzohgjh ri wkh iudfwlohv phqwlrqhg deryh dqg dffhvv wr d
vhw ri wdeohv jlyhq lq PfFxoorfk*v sdshu1
715 Phwkrgv edvhg rq wkh hpslulfdo fkdudfwhulvwlf ixqfwlrq
Wkhuh duh vhyhudo hvwlpdwlrq phwkrgv wkdw duh edvhg rq wkh hpslulfdo fkdudfwhulvwlf ixqfwlrq
+5,1 Wkh hpslulfdo yhuvlrq ri wkh fkdudfwhulvwlf ixqfwlrq ri d glvwulexwlrq lv ghqhg dv
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Wkh hpslulfdo fkdudfwhulvwlf ixqfwlrq +9, lv dq xqeldvhg hvwlpdwru ri wkh fkdudfwhulvwlf ixqfwlrq/
l1h1
He! +, @ ! +,  Hhbt4 >+:,
dqg wkh yduldqfh lv jlyhq e|
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Htxdwlrq +;, ghprqvwudwhv wkdw wkh hpslulfdo fkdudfwhulvwlf ixqfwlrq |lhogv d vkdus hvwl0
pdwh ri ! +, zkhq q lv odujh1 Krzhyhu/ lw lv qrw hqrxjk wr frqvlghu frqyhujhqfh iru d jlyhq
 exw udwkhu wkh surshuwlhv ri wkh hpslulfdo surfhvv
qe! +, >  5 Ur > dqg krz wkh sdudph0
whuv ri wkh phdq ixqfwlrq ! +, fdq eh uhfryhuhg iurp
qe! +, >  5 Ur = Rqh gl!fxow| khuh lv
wkdw zh revhuyh wkh surfhvv
qe! +, >  5 Ur iru doo uhdo  dqg lw lv gl!fxow wr ghylfh rswl0
pdo hvwlpdwlrq surfhgxuhv wkdw wdnh doo wklv lqirupdwlrq lqwr dffrxqw1 Sdxovrq/ Krofrpe/ dqg
Ohlwfk +4<:8, kdyh glvfxvvhg pd{lpxp olnholkrrg surfhgxuhv edvhg rq wkh idfw wkdw wkh surfhvvqe! +, >  5 Ur lv dv|pswrwlfdoo| d Jdxvvldq surfhvv1 Vshflfdoo|/ wkh| edvh wkh lqihuhqfh rq wkh
olnholkrrg ri
qe! +&, > n @ 4> 5> = = = > pr zkhq wkh Jdxvvldq dssur{lpdwlrq lv dvvxphg wr krog/
zkhuh +> 2> = = = > 6, duh vxlwdeo| vhohfwhg uhdo qxpehuv1
Lq wklv sdshu zh vkdoo lqvwhdg uhylhz dq dowhuqdwlyh dqg uhpdundeo| vlpsoh phwkrg sursrvhg
e| Nrxwurxyholv +4<;3,1 Nrxwurxyholv qrwhg wkdw +5, lpsolhv wkdw
oq

 oq m! +,m2

@ oq+5k, .  oq mm+<,
zklfk |lhogv
oq

 oq
e! +,2 @ oq +5k, .  oq mm.  +,+43,
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zkhuh  +, lv d udqgrp huuru whup zklfk kdv dssur{lpdwho| }hur phdq zkhq q lv odujh1 E|
fkrrvlqj dq dssursuldwh vhw ri 0ydoxhv/ zh uhdol}h wkdw lw lv srvvleoh wr hvwlpdwh oq +5k, dqg 
e| uhjuhvvlrq dqdo|vlv zlwk ioq m&mj > n @ 4> 5> = = = >p> dv lqghshqghqw yduldeoh dqg
oq

 oq
e! +&,2

dv ghshqghqw yduldeoh1 Lw lv hdv| wr vkrz wkdw
e! +,2 fdq eh h{suhvvhg dv
e! +,2 @ 4
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[
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Nrxwurxyholv +4<;3, kdv grqh vlpxodwlrq h{shulphqwv wr ghprqvwudwh wkdw wklv dssurdfk zrunv
zhoo dqg lv txlwh h!flhqw surylghg wkdw 0ydoxhv duh fduhixoo| vhohfwhg dqg wkh gdwd duh vxlwdeo|
qrupdol}hg1 Nrxwurxyholv +4<;3, lqglfdwhv krz wr vhohfw dssursuldwh  0ydoxhv1 Wkxv e| wklv
phwkrg erwk  dqg  fdq eh hvwlpdwhg1 Vlqfh  @ 4 lq wkh Sduhwr0Ohy| fodvv wkh h{shfwdwlrq
 lv wkh rqo| sdudphwhu wkdw uhpdlqv1 Wklv sdudphwhu fdq wkhuhiruh eh hvwlpdwhg e| wkh fru0
uhvsrqglqj vdpsoh phdq1 Pruhryhu/ vlqfh wkh dvvxpswlrq ri vwdelolw| lpsolhv wkdw wkh uhodwlrq
h{suhvvhg lq +43, lv olqhdu/ rqh rewdlqv dq lqirupdo whvw ri wkh vwdelolw| dvvxpswlrq e| sorwwlqj
oq

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djdlqvw ioq m& mj = Li wklv sorw lv dssur{lpdwho| olqhdu wklv lqglfdwhv wkdw
wkh xqghuo|lqj glvwulexwlrq lv vwdeoh1
Rq wkh edvlv ri +43, Nrxwurxyholv hvwlpdwhg wkh sdudphwhuv e| xvlqj wkh phwkrg ri ruglqdu|
ohdvw vtxduhv1 Wklv phwkrg surgxfhv frqvlvwhqw hvwlpdwhv exw wkh hvwlpdwhg vwdqgdug ghyldwlrqv
zloo eh eldvhg gxh wr wkh idfw wkdw e! +&, dqg e! +, duh ghshqghqw1
Lq wkh suhvhqw fdvh zkhuh wkh glvwulexwlrq lv pd{lpdoo| vnhz wr wkh uljkw dq lqwhuhvwlqj
prglfdwlrq ri wkh Nrxwurxyholv phwkrg dssolhv1 Wklv dssurdfk lv edvhg rq wkh surshuw| wkdw
wkh wzr0vlghg Odsodfh wudqvirup ri I +|, h{lvwv dqg lv htxdo wr
j +},  Hh35t @ h{s+f}k  },+45,
iru }  3> zkhuh
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Qrwh wkdw vlqfh  A 3/ f zloo eh srvlwlyh1 Wkh fruuhvsrqglqj hpslulfdo surfhvv htxdov
ej +}, @ 4
q
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h35tm+47,
zklfk surylghv d frqvlvwhqw dqg xqeldvhg hvwlpdwh ri j +}, = Iurp +45, lw iroorzv wkdw
oqej +}, @ f}k  } .  +},+48,
zkhuh }> }2> = = = > }6> duh vxlwdeoh fkrvhq srvlwlyh uhdo qxpehuv dqg  +}, lv d udqgrp yduldeoh
zlwk H +},  3= zkhq q lv odujh1 E| uxqqlqj qrqolqhdu uhjuhvvlrq dqdo|vlv f>  dqg  fdq
eh hvwlpdwhg1 Li  lv hvwlpdwhg e| wkh hpslulfdo phdq rqh fdq hvwlpdwh  dqg oq f e| olqhdu
uhjuhvvlrq vlqfh
oq +oqej +}, e, @  oq } . oq f.  +},+49,
zkhuh  +}, lv d udqgrp whup zlwk H +},  3> dqg e ghqrwhv wkh hpslulfdo phdq1
716 Hvwlpdwlrq e| lqyhuvlrq ri wkh hpslulfdo fkdudfwhulvwlf ixqfwlrq
Erkpdq +4<:8, vxjjhvwhg d glvfuhwh yhuvlrq ri wkh Irxulhu lqyhuvlrq surfhgxuh1 Lq wklv surfhgxuh
I lv dssur{lpdwhg e| IW jlyhq e|
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zkhuh K dqg  duh fkrvhq lq d vxlwdeoh pdqqhu/ dqg ! +, lv wkh fkdudfwhulvwlf ixqfwlrq ri I +,1
Wkh sdudphwhuv duh hvwlpdwhg e| plqlpl}lqj
[

k
Z +\,

I W +\, eI? +\,l2 >+4;,
zkhuh eI? +, lv wkh hpslulfdo fxpxodwlyh glvwulexwlrq/ \> \2 = = = > duh wkh revhuydwlrqv dqgZ +, lv
d vxlwdeoh zhljkw ixqfwlrq1 Wklv phwkrg kdv fhuwdlq dgydqwdjhv frpsduhg wr wkh phwkrgv edvhg
rq wkh hpslulfdo fkdudfwhulvwlf ixqfwlrq= Lw surylghv d phwkrg iru hvwlpdwlqj wkh sdudphwhuv
e| sxwwlqj prvw zhljkw rq wkh sduw ri wkh glvwulexwlrq wkdw lv frqvlghuhg wkh prvw lpsruwdqw1
46
Wdeoh 4= Sdudphwhu hvwlpdwhv e| glhuhqw phwkrgv
Hvwlpdwhv +Vwdqgdug ghyldwlrq,
Phwkrg   
Erkpdq 419< +31357, 8918 +318::, 5471: +51787,
Nrxwurxyholv 4193 +31356, 8718 +3188;, 5471; +51785,
PfFxoorfk 418: +3137:, 8719 +416<8, 5471; +51785,
Wklv phwkrg fdq dovr eh xvhg rq jurxshg gdwd1 Wkh phwkrg lv frpsxwdwlrqdoo| h!flhqw dv wkh
qxpehu ri revhuydwlrqv grhv qrw hqwhu wkh frpsxwdwlrq ri eI? +{, =
Ohw xv qrz frqvlghu wkh sureohp ri hydoxdwlqj wkh shuirupdqfh ri wkh hvwlpdwruv1 Wkh
fdofxodwlrq ri vwdqgdug ghyldwlrq ri wkh sdudphwhuv lv qrw vwudljkw iruzdug iru wkh Nrxwurxyholv*
dqg Erkpdq*v lqyhuvlrq phwkrg1 Wkh suhflvlrq ri wkh Nrxwurxyholv* phwkrg zloo ghshqg rq wkh
fkrlfh ri i&j = Krzhyhu/ frqglwlrqdoo| rq wkh fkrlfh ri i&j rqh fdq qg dv|pswrwlf hvwlpdwhv ri
wkh vwdqgdug ghyldwlrq ri wkh sdudphwhu hvwlpdwhv e| fduu|lqj rxw wkh surfhgxuh ri jhqhudol}hg
ohdvw vtxduhv1 Krz wklv phwkrg zrunv lq vpdoo vdpsohv lv qrw nqrzq1 Zh kdyh wkhuhiruh fkrvhq
wr hvwlpdwh vwdqgdug ghyldwlrqv e| dsso|lqj wkh errwvwuds dssurdfk1 Iru wkh lqyhuvlrq phwkrg
wkh errwvwuds dssurdfk lv fxuuhqwo| wkh rqo| dowhuqdwlyh zklfk lv dovr hdv| wr dsso|1
8 Hvwlpdwlrq uhvxowv dqg Jrrgqhvv ri w
Dv lqglfdwhg lq Vhfwlrq 715 rqh fdq rewdlq dq lqirupdo whvw ri vwdelolw| e| sorwwlqj wkh ohiw kdqg
vlgh ri +44, djdlqvw oq mm
Wklv sorw lv glvsod|hg lq Iljxuh 5 zkhuh wkh gdwd duh vfdohg dv vxjjhvwhg lq Nrxwurxyholv
+4<;3,1 Iurp wkh jxuh zh uhdol}h wkdw wkh sorw lv idluo| olqhdu xs wr oq mm  3=:= Wkh txhvwlrq lv
qrz zkhwkhu ru qrw lw lv vx!flhqw wr frqvlghu  0ydoxhv lq wkh lqwhuydo ghwhuplqhg e| oq mm ? 3=:=
Lq wkh dsshqgl{ zh ghprqvwudwh wkdw surylghg wkh +wuxh,fkdudfwhulvwlf ixqfwlrq vdwlvhv ht1
+<, wkhq lw lv vx!flhqw wr xvh wkh lqirupdwlrq uhsuhvhqwhg e| wkh hpslulfdo fkdudfwhulvwlf ixqfwlrq
iru dujxphqwv zlwk devroxwh ydoxh ohvv wkdq 3=:= Wkh hvwlpdwhv ri wkh sdudphwhuv ri wkh lqfrph
glvwulexwlrq lv glvsod|hg lq Wdeoh 41 Wkh uhsruwhg vwdqgdug ghyldwlrqv duh rewdlqhg iurp 58
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Iljxuh 5= Sduhwr txdqwloh sorw ri wkh lqfrph glvwulexwlrq
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Iljxuh 6= Revhuyhg dqg vlpxodwhg ghqvlwlhv edvhg rq wkh sdudphwhu hvwlpdwhv rewdlqhg e|
glhuhqw hvwlpdwlrq surfhgxuhv
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Iljxuh 7= T0T sorw iru wzr hvwlpdwlrq surfhgxuhv
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Iljxuh 8= S0S sorw iru wzr hvwlpdwlrq phwkrgv
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Iljxuh 9= Wkh uhjuhvvlrq olqh xqghu wkh Nrxwurxyholv hvwlpdwlrq surfhgxuh
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errwvwuds uhsolfdwlrqv1
Iurp Wdeoh 4 zh vhh wkdw wkh wkuhh hvwlpdwlrq phwkrgv zh kdyh frqvlghuhg lq wklv sdshu
suhirupv zhoo dqg |lhog txlwh vlplodu hvwlpdwhv1 Dffruglqj wr Wdeoh 4 lw vhhpv wkdw PfFxoorfk*v
phwkrg surgxfhv frqvlghudeoh kljkhu vwdqgdug ghyldwlrq ri wkh hvwlpdwhv ri  dqg  wkdq wkh
rwkhu phwkrgv1
Lq Iljxuh 6 zh glvsod| wkh hpslulfdo ghqvlw| wrjhwkhu zlwk wkh wwhg Sduhwr0Ohy| ghqvl0
wlhv hvwlpdwhg e| Erkpdq*v dqg Nrxwurxyholv* surfhgxuh/ uhvshfwlyho|1 Wr dvvhvv krz zhoo wkh
Sduhwr0Ohy| glvwulexwlrq w wkh gdwd zh kdyh glvsod|hg wkh fxpxodwlyh hpslulfdo dqg wkh wwhg
fxpxodwlyh Sduhwr0Ohy| glvwulexwlrq hvwlpdwhg e| Erkpdq*v lqyhuvlrq phwkrg1 Wkh Sduhwr0
Ohy| ghqvlw| dqg fxpxodwlyh glvwulexwlrq kdyh ehhq vlpxodwhg e| phdqv ri d surfhgxuh ghyho0
rshg e| Fkdpehuv/ Pdoorzv/ dqg Vwxfn +4<:9,1 Lq Iljxuh 7 dqg 8 zh vkrz Txdqwloh0Txdqwloh
+T0T, sorw dqg Shufhqwloh0Shufhqwloh +S0S, sorw ri wkh fxpxodwlyh hpslulfdo glvwulexwlrq ixqf0
wlrqv djdlqvw wkh wwhg Sduhwr0Ohy| glvwulexwlrq1 Zh qrwh wkdw wkhvh sorwv duh forvh wr vwudljkw
olqhv zklfk lqglfdwhv d jrrg w1 Wkh fruuhvsrqglqj Nroprjrury0Vpluqry vwdwlvwlfv lv glvsod|hg
4:
Iljxuh := Hvwlpdwhg Sduhwr0Ohy| fxpxodwlyh +vrolg, dqg wkh hpslulfdo fxpxodwlyh glvwulexwlrq
ixqfwlrq +gdvkhg,1 Erkpdq*v phwkrg
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lq Iljxuh ;1 Zh qrwh wkdw wkh Nroprjrury0Vpluqry vwdwlvwlfv grhv qrw h{fhhg 31348 zkhq wkh
lqfrph lv deryh 433 333 QRN1 Dowkrxjk zh kdyh sorwwhg wkh fruuhvsrqglqj hpslulfdo dqg hvwl0
pdwhg ghqvlwlhv lq Iljxuh 6/ lv qrw ri pxfk lqwhuhvw wr xvh wklv jxuh dv dq lqglfdwlrq ri wkh w
ehfdxvh wkh hpslulfdo ghqvlw| surylghv d udwkhu lpsuhflvh hvwlpdwh ri wkh xqghuo|lqj wkhruhwlfdo
ghqvlw|1
9 Djjuhjdwh phdvxuhv ri lqfrph lqhtxdolw|
Lq dvvhvvlqj wkh vljqlfdqfh ri fkdqjhv lq wkh lqfrph glvwulexwlrq/ I +|, > djjuhjdwh phdvxuhv ri
lqfrph lqhtxdolw| lv riwhq hpsor|hg1 Wkh prvw frpprq phdvxuh lv wkh Jlql0frh!flhqw zklfk
4;
Iljxuh ;= Wkh Nroprjrury0Vpluqry vwdwlvwlfv
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Dqrwkhu vxppdu| phdvxuh lv wkh D0frh!flhqw zklfk fdq eh h{suhvvhg dv
D @ 
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=+53,
Zh uhihu wr Ddehujh +4<<8, iru d glvfxvvlrq ri wkh surshuwlhv ri +53,1
Lq wklv vhfwlrq zh vkdoo frqvlghu wkh surshuwlhv ri J dqg D zkhq I +|, lv d Sduhwr0Ohy|
glvwulexwlrq1 Vshflfdoo|/ zh vkdoo ghprqvwudwh krz J dqg D ghshqgv rq wkh sdudphwhuv ri wkh
Sduhwr0Ohy| glvwulexwlrq1 Frqvlghu uvw wkh glvwulexwlrq ri wkh Jlql frh!flhqw1 Iurp +4<, zh
jhw
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Qrwh qh{w wkdw li \ dqg \2 ghqrwh wzr l1l1g1 udqgrp yduldeohv zlwk f1g1i1 I +|, > wkhq I +|,
2 lv
4<
wkh glvwulexwlrq ri pd{ +\> \2, > zklfk lpsolhv wkdw] "
f

4 I +|,2

g| @ Hpd{ +\> \2, =
Khqfh zh fdq h{suhvv wkh Jlql frh!flhqw dv
J @
Hpd{ +\> \2,H\
H\
@
H +pd{ +\  \> \2  \,,
H\
>+54,
zkhuh \ lv d udqgrp yduldeoh zlwk glvwulexwlrq I +|, > zklfk lv lqghshqghqw ri \ dqg \2 Vlqfh
\c \2 dqg \ duh l1l1 Sduhwr0Ohy| glvwulexwhg lw iroorzv wkdw \  \ dqg \2  \ hdfk kdyh d
glvwulexwlrq wkdw lv v|pphwulf dqg vwdeoh/ fi1 Vdprurgqlwvn| dqg Wdttx +4<<7,1 Zh wkhuhiruh
pxvw kdyh wkdw
H +pd{ +\  \> \2  \,, @ 4
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H m\  \m >
zklfk |lhogv
J @
H m\  \m
5H\
=+55,
Pruhryhu/ lw iroorzv wkdw \  \ kdv }hur phdq dqg vnhzqhvv sdudphwhu/ dqg glvshuvlrq
sdudphwhu htxdo wr 5*k= Iurp Vdprurgqlwvn| dqg Wdttx +4<<7,/ s14;/ zh wkxv qg wkdw
H m\  \m @
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
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
5*k

>+56,
iurp zklfk lw iroorzv wkdw J fdq eh h{suhvvhg dv
J @


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
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=+57,
Frqvlghu qh{w wkh D frh!flhqw1 Uhfdoo wkdw zkhq I +|, lv Sduhwr0Ohy|/ lw fdq eh h{suhvvhg
dv
I +|, @ If

|  


+58,
zkhuh If +|, lv d Sduhwr0Ohy| glvwulexwlrq zlwk  @ 4 dqg  @ 3= Frqvhtxhqwo|/ li iroorzv iurp
+53, wkdw wkh D frh!flhqw fdq eh h{suhvvhg dv
D @


k +,+59,
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zkhuh
k +,  
] "
f
If +|, oqIf +|, g|=+5:,
Qrwh wkdw k +, grhv qrw ghshqg rq  dqg =
Lw lv dovr zhoo nqrzq wkdw li wkh lqfrph glvwulexwlrq lv orjqrupdo wkhq wkh Jlql0frh!flhqw
lv htxdo wr 
s
5@= Zh fdq wkhuhiruh frqfoxgh wkdw surylghg  uhpdlqv frqvwdqw ryhu wlph wkh
Jlql frh!flhqw lv sursruwlrqdo wr wkh D frh!flhqw/ dqg dovr sursruwlrqdo wr wkh Jlql frh!flhqw
rewdlqhg xqghu wkh orjqrupdo glvwulexwlrq41 Frqvhtxhqwo|/ xqohvv  fkdqjhv/ wkh D dqg J
frh!flhqw zloo vkrz wkh vdph wuhqg1
Lw lv hdv| wr vkrz wkdw wklv surshuw| dovr krogv lq wkh pruh jhqhudo fdvh lq zklfk Dvvxpswlrq
4 krogv1 Vwuûp/ Zhqqhpr/ dqg Ddehujh +4<<6, kdyh hvwlpdwhg wkh D dqg J frh!flhqw rq
Qruzhjldq plfur gdwd iru wkh shulrg 4<:6 wr 4<<3 iru vhohfwhg srsxodwlrq jurxsv1 Lq Dsshqgl{
E zh uhsruw hvwlpdwhv ri wkh udwlr J@D= Xqiruwxqdwho|/ zh duh xqdeoh wr hvwlpdwh vwdqgdug huuruv
zlwk wkh gdwd wkdw duh dydlodeoh wr xv1 Dsshqgl{ E vkrzv wkdw wkh J@D udwlr lv uhpdundeo|
frqvwdqw ryhu wklv 4:0|hdu wlph vsdq1 Wkxv/ dffruglqj wr wkh uhvxow ri Dsshqgl{ E Dvvxpswlrq
4 lv qrw uhmhfwhg1
: Frqfoxvlrqv
Lq wklv sdshu zh kdyh glvfxvvhg wkh xvh ri wkh Sduhwr0Ohy| fodvv ri glvwulexwlrqv d iudphzrun
iru dqdo|}lqj lqfrph glvwulexwlrqv1 Zh kdyh ghprqvwudwhg krz wklv fodvv fdq eh mxvwlhg iurp
wkhruhwlfdo lqyduldqfh sulqflsoh1 Zh kdyh vxevhtxhqwo| dssolhg glhuhqw phwkrgv wr hvwlpdwh
wkh sdudphwhuv ri d Sduhwr0Ohy| glvwulexwlrq iurp d odujh vdpsoh ri Qruzhjldq plfurgdwd rq
lqfrph1 Vhyhudo hvwlpdwlrq phwkrgv kdyh ehhq frpsduhg1 Wkh uhvxowlqj hvwlpdwhg Sduhwr0Ohy|
glvwulexwlrq surylghv dq h{fhoohqw w wr wkh hpslulfdo glvwulexwlrq1
4Wkh  frh!flhqw lv vhqvhwlyh wr fkdqjhv lq wkh orzhu sduw ri wkh glvwulexwlrq zkloh wkh Jlql frh!flhqw lv pruh
vhqlwlyh wr fkdqjhv lq wkh xsshu sduw1
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Uhihuhqfhv
Ddehujh/ U1 +4<<8,1 Fkrrvlqj phdvxuhv ri lqhtxdolw| iru hpslulfdo dssolfdwlrqv1 Glvfxvvlrq
Sdshu 48;/ Vwdwlvwlfv Qruzd|1
Deudprzlw}/ P1 dqg L1 D1 Vwhjxq +4<:5,1 Kdqgerrn ri Pdwkhpdwlfdo Ixqfwlrqv1 Qhz \run=
Grzhu sxeolfdwlrqv/ Lqf1
Erkpdq/ K1 +4<:8,1 Qxphulfdo lqyhuvlrqv ri fkdudfwhulvwlf ixqfwlrqv1 Vfdqglqdyldq Dfwxduldo
Mrxuqdo / 4544571
Fkdpehuv/ M1 P1/ F1 O1 Pdoorzv/ dqg E1 Z1 Vwxfn +4<:9,1 D phwkrg iru vlpxodwlqj vwdeoh
udqgrp yduldeohv1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq :3/ 6736771
Glmn/ K1 N1 Y1 dqg W1 Norhn +4<;3,1 Lqihuhqwldo surfhgxuhv lq vwdeoh glvwulexwlrqv iru fodvv
iuhtxhqf| gdwd rq lqfrphv1 Hfrqrphwulfd 7;/ 446<447:1
GxPrxfkho/ Z1 K1 +4<;6,1 Hvwlpdwlqj wkh vwdeoh lqgh{ doskd lq rughu wr phdvxuh wdlo wklfn0
qhvv= D fulwltxh1 Wkh Dqqdov ri Vwdwlvwlfv 44/ 434<43641
Jlo0Shodh}/ M1 +4<84,1 Qrwh rq wkh lqyhuvlrq wkhruhp1 Elrphwulnd 6;/ 7;47;51
Jqhghqnr/ E1 Y1 dqg D1 Q1 Nroprjrury +4<87,1 Olplw Glvwulexwlrqv iru Vxpv ri Lqghshqghqw
Udqgrp Yduldeohv1 Uhdglqj/ Pdvvdfkxvhwwv= Dgglvrq Zhvoh|1 +Hqjolvk wudqvodwlrq e| N1
O1 Fkxqj,1
Nrxwurxyholv/ L1 D1 +4<;3,1 Uhjuhvvlrq0w|sh hvwlpdwlrq ri wkh sdudphwhuv ri vwdeoh odzv1 Mrxu0
qdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq :8/ <;4<5;1
Pdqghoeurw/ E1 +4<93,1 Wkh Sduhwr0Oìy| odz dqg wkh glvwulexwlrq ri lqfrph1 Lqwhuqdwlrqdo
Hfrqrplf Uhylhz 4/ :<4391
PfFxoorfk/ M1 K1 +4<;9,1 Vlpsoh frqvlvwhqw hvwlpdwruv ri vwdeoh sdudphwhuv1 Frppxqlfdwlrqv
lq Vwdwlvwlfv0 Vlpxodwlrq dqg Frpsxwdwlrq 48/ 443<44691
PfFxoorfk/ M1 K1 +4<<:,1 Phdvxulqj wdlo wklfnqhvv wr hvwlpdwh wkh vwdeoh lqgh{ doskd= D
fulwltxh1 Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 48/ :7;41
Sduhwr/ Y1 +4;<:,1 Frxuv g*Hfrqrplh Srolwltxh1 Odxvdqqh dqg Sdulv= Urxjh dqg Flh1
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Sdxovrq/ D1 V1/ H1 Z1 Krofrpe/ dqg U1 D1 Ohlwfk +4<:8,1 Wkh hvwlpdwlrq ri wkh sdudphwhuv
ri wkh vwdeoh odzv1 Elrphwulnd 95/ 4964:31
Shghuvhq/ Y1 +4<<:,1 Wkh vxuyh| ri lqfrph dqg zhdowk 4<<71 Qrwdwhu 47/ Vwdwlvwlvn vhqwudoe|uè1
+lq qruzhjldq,1
Vdprurgqlwvn|/ J1 dqg P1 V1 Wdttx +4<<7,1 Vwdeoh Qrq0Jdxvvldq Udqgrp Surfhvvhv1 Qhz
\run= Fkdspdq dqg Kdoo1
Vwuûp/ V1/ W1 Zhqqhpr/ dqg U1 Ddehujh +4<<6,1 Lqfrph lqhtxdolw| lq Qruzd| 4<:;04<<31
Uhsruwv 4:/ Vwdwlvwlfv Qruzd|1 +Lq Qruzhjldq,1
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Dsshqgl{ D
Dq hvwlpdwh ri wkh dssur{lpdwlrq huuru ri glvwulexwlrq ixqfwlrqv lq whupv
ri wkh dssur{lpdwlrq huuru ri wkh fruuhvsrqglqj fkdudfwhulvwlf ixqfwlrq
Lq wklv dsshqgl{ zh ghprqvwudwh wkdw rqh pd| xwlol}h wkh lqirupdwlrq uhsuhvhqwhg e| wkh
hpslulfdo fkdudfwhulvwlf ixqfwlrq vroho| iru dujxphqwv mm ? e> zkhuh e A 3> lv d vxlwdeoh uhdo
qxpehu/ surylghg e! +, vdwlvhv +<,1 Wr wklv hqg ohw
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e! +, iru mm ? e
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Wklv phdqv wkdw h!K +, lv wkh Irxulhu Vwlhowmhv wudqvirup ri hIK +|, zkhuh hIK +|, lv ghqhg e|
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Iurp +5<, dqg +63, lw iroorzv wkdw
I +|, hIK +|,  4
5
] "
K
h+b! +, h3+b! +,g

+64,
.
4
5
] K
f
h+b ! +, e! +, h3+b ! +, e! +, g

 4
5
] "
K
m! +,m. m! +,m

g
.
4
5
] K
f
! +, e! +,. ! +, e! +, g

@
4

] "
K
h{s +kk,g

.
e

vxs
b	K
! +,
e! +,

 =
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zkhuh H +{, ghqrwhv wkh H{srqhqwldo lqwhjudo ixqfwlrq +fi1 Deudprzlw} dqg Vwhjxq +4<:5,,1Li
 @ 4>  @ 4=9 dqg orj e @ 3=: zh wkxv jhw iurp Wdeoh ri H +{, lq Deudprzlw} dqg Vwhjxq
+4<:5, s1s1 575/ wkdw
4

H +
kek, * 5  433=+66,
Khqfh
vxs
+
I +|, hIK +|,  5  433 . 3=97 vxs
b	K
! +, . ! +,
 =+67,
Vlqfh ! +3, @ e! +3, lw iroorzv wkdw wkh odvw whup rq wkh uljkw kdqg vlgh h{lvwv iru doo  5 U=
Zh uhdol}h wkdw wkh uvw whup rq wkh uljkw kdqg vlgh ri +67, lv qhjoljhdeoh dqg wkhuhiruh wkh uljkw
kdqg vlgh ri +67, wkhuhiruh ghshqgv rq krz zhoo e! +, dssur{lpdwhv ! +, iru  5 +e> e,=
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Dsshqgl{ E
Wkh udwlr C* iru vhohfwhg srsxodwlrq jurxsv 4<:604<<3
Wlph
4<:6 4<:< 4<;5 4<;8 4<;9 4<;: 4<;; 4<;< 4<<3
Zrunlqj Shuvrqv
J 315;8 315:: 31599 31597 315:3 315:6 315:4 315;4 3159<
Vwdqgdug ghyldwlrq 31337 31337 31339 3133: 31337 31339 31337 3133< 31338
J@D 31:5 31:6 31:6 31:6 31:6 31:6 31:6 31:7 31:6
Zdjh zrunhuv
J 31599 31586 31573 31579 31584 31586 3158: 31594 31586
Vwdqgdug ghyldwlrq 31336 31337 31336 3133: 31336 31338 31338 31343 31338
J@D 31:3 31:4 31:4 31:4 31:4 31:5 31:6 31:6 31:6
Vhoihpsor|hg rwkhu wkdq iduplqj dqg vkhu|
J 3169< 31699 31738 3173; 31693 31698 3167: 31697 3169:
Vwdqgdug ghyldwlrq 3134: 31347 3135< 31375 31348 31356 3134< 31354 31349
J@D 31:: 31:: 31;3 31;3 31:9 31:; 31:9 31:: 31:;
Pduulhg frxsohv wkdw duh zrunlqj
J 314;3 31499 3149: 314:3 314:7 314:; 314;7 31537 314;7
Vwdqgdug ghyldwlrq 3133: 31338 31338 31346 31338 31339 31339 31349 31339
J@D 31:3 31:4 31:5 31:5 31:5 31:7 31:6 31:9 31:6
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